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We prove the following theorem: A binary matroid is regular (totally 
unimodular) if and only if it has no submatroid that is a series extension of a 
Fano matroid or its dual. This theorem may be viewed as strengthening Tutte’s 
celebrated characterization of regular matroids in the spirit of Kuratowski’s 
theorem on planar graphs. 
In [3] Tutte proved the following well known and deep characterization 
of regular (totally unimodular) matroids as a subset of the binary matroids: 
A binary matroid is regular if and only if it does not have as a minor a 
Fano matroid (matroid of type BII) or its dual (matroid of type BI). 
This note is devoted to proving a strengthened form of Tutte’s theorem: A 
binary matroid is regular if and only if it contains no submatroid that is a 
series extension of a Fano matroid or its dual. This amounts to replacing the 
operation of “contraction” in Tutte’s theorem by the less general operation 
of series reduction (extension), and, as a result, we obtain a theorem which 
is in the form of Kuratowski’s characterization of planar graphs [2]. 
The proof of our theorem is not trivial, but it does follow with reasonable 
ease from various results in [3]. In fact, it seems to us that the true signi- 
ficance of the indicated theorem is that it exploits more fully the geometric 
nature of Tutte’s proof. 
The terminology we will use is essentially that used in [3]. As a result 
some of our definitions will actually be dual to those which are common 
in the literature. (This dual relationship is explained by Tutte’s emphasis 
on bond-matroids, and his treatment of representability in terms of row 
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spaces of matrices rather than column dependence.) Nevertheless, we 
have made the indicated choice because we will depend so heavily on 
the methods developed in [3]. To remove this dependence would greatly 
enlarge the presentation, and obscure what is new. 
DEFINITIONS 
Let E be a finite set. A matroid M on E is a collection of nonempty 
subsets of E satisfying the following two axioms: (I) No member of M 
is a proper subset of another; (II) if X, YE M, a E X n Y, and b E X - Y, 
then there exists Z E M such that b E Z C (X u Y) - {a}. The members of 
E are called cells and the members of M circuits. The dual matroid of M 
is the matroid M* on E with circuits the minimal nonempty subsets of E 
meeting no circuit of M in just one cell. For S _C E we define the matroid 
M x S on S by M x S= {YEMI YLS}, and define the matroid 
M * S on S to be the collection of minimal nonempty members of 
{C n S 1 C E M}. Matroids of the form M x S are called submatroids of 
M, and for T C S matroids of the form M x S * T are called minors 
of M. 
The rank of a matroid M, r(M), is the minimum number of cells in a 
set meeting all circuits of M. A-flat of M is a subset of E which is a union 
of circuits. One flat is said to be on another if it is contained in or contains 
the other flat. Let S C E. We denote by (S) the union of all circuits 
contained in S. Thus, (S) is the unique largest flat contained in S. We 
define the dimension of S, dS, by dS = r(M x S) - 1. An n-flat of M 
is a flat of dimension n. The terms point, line, and plane will refer to flats 
of dimensions 0, 1, and 2, respectively. 
SERIFS REDUCTION AND EXTENSION 
Given a matroid M on E we define an equivalence relation on E by 
saying a - b, for a, b E E, if a = b or (a, b} E M*. The blocks of the 
partition induced on E by this equivalence relation are called the series 
classes of M. (The nontrivial series classes of M are the “multiple cells” 
of M*.) Clearly each circuit of M is a union of series classes. 
LEMMA 1. Suppose that E is an n--at of M (i.e., every cell of M is in 
some circuit, and dE = n). Let J1 , J2 ,..., Jk be a list of the distinct (n - l)- 
flats of M. Then E - J1 , E - J, ,..., E - Jk are the series classes of M. 
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Proof. Since for each a E E we have d(E - {a}) = n - 1 [3, 4.131, it 
follows that lJj (E - JJ = E. On the other hand, suppose {a, b} E M*. 
Then for each C E M we have a E C if and only if b E C. Hence, 
(E - {a)> = (E - (b}). Since d(E - (a}) = n - 1, we conclude that 
{a, b) is a subset of some E - Ji . 
Take a, b E E - Ji , a # b. Suppose {a, b} #M*. Because E is a flat, 
there exists C E M such that b E C and a $ C. But then E 3 (E - (a}) 3 Ji , 
which implies dJi < n - 2 [3, 4.141. This contradiction completes the 
proof. 1 
For S C E, M . S is called a series reduction of M if S meets every series 
class of M. A series extension of M is a matroid M’ such that M is a series 
reduction of M’. It is not hard to see that if M is the polygon-matroid 
of a graph G, then every series extension of M is the polygon-matroid of 
some subdivision of G. 
The following result shows that every series reduction or extension of 
a matroid M has precisely the same “geometrical” properties as M. 
LEMMA 2. Suppose that M . S is a series reduction of M. Then for 
flats T of M, the map T H S f~ T is a l-1 dimension preserving corre- 
spondence onto the flats of M * S. 
Proof. ClearlyTnSisaflatofM*SifTisaflatofM[3,1.11]. 
Denote the map described in the lemma by 17. For T a flat of M * S, 
define f3T to be the union of all series classes of M that meet T. Because 
every circuit of M is a union of series classes, and S meets all these classes, 
we conclude that BT is a flat M. Furthermore, these same facts imply 
that 0 and 7 are two-sided inverses of each other. Hence, v is 1-l and onto. 
That 77 is dimension preserving follows because 77 and 8 are both inclusion 
preserving [3, 4.141. I 
A few words seem appropriate here concerning a remark made by 
Crapo and Rota in the introduction to [l]. They claim that Tutte’s methods 
(e.g., in [3]) “ignore the geometric motivation made accessible by his 
predecessors.” This certainly is not the case. For example, it follows 
from Lemma 2 that Tutte’s work on the “geometry of matroids” essentially 
ignores “isthmuses” (these are not in flats), and identifies cells in the 
same series class. This is precisely dual (i.e., equivalent) to what Crapo 
and Rota do in defining the “geometry” cannonically associated with a 
given pregeometry (they ignore “loops” and identify “multiple cells”). 
(See the last paragraph of this paper for another comment on Tutte’s 
use of geometry.) 
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THE MAIN THEOREM 
We begin with a few definitions. A matroid M is said to be representable 
(coordinatizable) over a field R if its circuits can be interpreted as the 
minimal linearly dependent subsets of columns of some matrix over R. 
This matrix is said to represent M. M is binary if it is representable over 
GF(2) (the field of two elements), and regular if representable over every 
field (equivalently, over GF(2) and any field not of characteristic two). 
The above definitions are quite standard. However, the next two 
definitions are not. A Fano configuration in a binary matroid M is a “figure” 
made up of a plane P of M, seven distinct lines of P, and the points 
(circuits) of intersection of these seven lines. A heptuhedron will denote 
a “figure” on a 3-flat F of a binary matroid M, defined by seven distinct 
planes such that no three are on a common line. We include in the figure 
the 21 lines of intersection of the seven planes, and those points of F which 
are common to three or more of the seven planes. 
We note that the notion of a “configuration” in a matroid is not equiv- 
alent to that of a submatroid. In particular, a number of flats on the flat 
where the configuration lives may have been (arbitrarily) omitted. It is 
for precisely this reason that we consider the following result. 
LEMMA 3. Suppose the binary matroid M includes a heptahedron on 
one of its 3-$ats J. If J is on more than seven planes, then M includes a 
Fano conjiguration. 
Proof. If J is on more than seven planes, then there is a plane P’ on J 
which is not a plane of the heptahedron. Every line of the heptahedron 
on P’ is on exactly two planes of the heptahedron, by definition; further- 
more, these are all distinct since any two planes on a 3-flat have just one 
line in common [3, 4.1721. Hence, P’ meets an even number of planes 
of the heptahedron in lines of the heptahedron. But there are seven such 
planes, an odd number, and so some plane P of the heptahedron meets P’ 
in a line not in the heptahedron [3, 4.1721. Since P is also on six lines 
of the heptahedron [3, 7.31, we deduce that P includes a Fano con- 
figuration. I 
The following lemma shows that a Fano configuration does, indeed, 
include all of the flats on its associated plane. 
LEMMA 4. A plane in a binary matroid can be on at most seven distinct 
lines. 
Proof. Let P be a plane of the binary matroid M, and let L be a line 
of P. Since M is binary L is on at most three points [3,4.23, 5.351. Suppose 
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P is on more than seven lines. Since every two lines of P have just one 
point in common [3, 4.1711, it follows that some point of L is on at least 
four lines. This is impossible since if S is an (n - 2)-flat on an n-flat T 
in a binary matroid, then there can be at most 3, (n - l)-flats on both 
S and T, [3, 7.131. I 
We will say a binary matroid is of type Z3Z if it has seven cells, and is 
represented by the following matrix over GF(2). 
Matroid of Type BI 
A matroid M is of type BZZ (Fano matroid) if M* is of type BI. 
MAIN THEOREM. A binary matroid is regular if and only if it has no 
submatroid which is a series extension of a matroid of type BZ or BZZ. 
Proof. It is well known, and easy to prove, that no regular matroid 
can have a minor of type BI or BII (these two matroids are representable 
only over fields of characteristic two). Evidently this implies that no 
regular matroid has a submatroid which is a series extension of a matroid 
of type BI or BII. 
Let M be a binary matroid which is not regular. Then M must include 
a Fano configuration or a heptahedron [3, 7.411. (This last claim is, of 
course, 99 % of the theorem.) Suppose P is a plane of M which includes 
a Fano configuration. Let & , L, ,..., L, be the lines of this configuration. 
These are the only lines on P by Lemma 4. Take ai E P - Li, 
i = 1, 2,..., 7, and puts = {a,, a2 ,..., a,}. M x P * S is a series reduction 
of M x P by Lemma 1, and so includes a Fano configuration by Lemma 2. 
But a binary matroid which includes a Fano configuration has a minor 
of type BI [3, 7.211. Since S contains at most seven cells, we conclude that 
M x P * S must actually be a matroid of type BI. This completes the 
proof if M includes a Fano configuration. 
If M includes no Fano configuration, then it includes a heptahedron 
on some 3-flat J. Furthermore, by Lemma 3 the only planes on .Z are the 
seven planes of the heptahedron, which we denote PI , Pz ,..., P, . Take 
a, E J - Pi , i = 1,2 ,..., 7, and put S = {a, , a2 ,..., a7>. Then as in the 
previous paragraph (this time using [3, 7.311 in place of [3, 7.21]), we 
conclude that M x P * S is a series reduction of M x P, and is a matroid 
of type BII. I 
CHARACTERIZING REGULAR MATROIDS 221 
It is reasonable to ask, given the above theorem, whether or not the 
usual excluded minor characterizations of binary matroids among all 
matroids, and bond-matroids (polygon-matroids) among regular matroids 
can be rephrased in terms of series extensions. 
(1) For bond-matroids the answer is yes. We must exclude only the 
polygon-matroids of Kuratowski graphs [4]. 
(2) For polygon-matroids the answer is almost. We must exclude 
three types of matroids in addition to the bond-matroids of Kuratowski 
graphs. Two of these types are obtained by adding edges to K3,s, while 
the third type is regular and has 10 cells, but is neither graphic nor 
cographic (these conditions uniquely determine it) [4]. 
(3) For binary matroids the answer is no. In particular, suppose we 
denote by M, “the” matroid of all (r - I)-sets of an r-set (i.e., M, has r 
cells and Y circuits, each of size r - 1). It is well known that a matroid M 
is binary if and only if it does not have M4 as a minor. For example, 
none of the matroids M,. , r > 4, is binary; for any subset S of four cells 
of MT, r 2 4, it is clear that M, * S = M4. However, none of the 
matroids M, , r > 5, has a series extension of M4 as a submatroid. 
(What is possible to prove is that M is binary if and only if it has no 
submatroid which is a series extension of M,. for any r > 4.) 
We close with one final comment that is relevant to our remarks 
following Lemma 2. In proving the main theorem we used a relatively 
unknown result of Tutte-a binary matroid is regular if and only if it 
includes no Fano configuration or heptahedron [3, 7.41]-from which his 
more well known (because more easily stated) characterization of regular 
matroids follows. It is unfortunate that this former “geometric” result 
has received so little attention since it is certainly the more revealing of the 
two, as well as being much more representative of the techniques involved 
in proving the homotopy theorem [3, 6.411. 
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